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THE GEOGRAPHY PROBLEM FOR 4-MANIFOLDS
WITH SPECIFIED FUNDAMENTAL GROUP

PAUL KIRK AND CHARLES LIVINGSTON

ABSTRACT. For any class M of 4-manifolds, for instance the class M(G) of
closed oriented manifolds with 71 (M) 2 G for a fixed group G, the geography
of M is the set of integer pairs {(c(M),x(M)) | M € M}, where o and x
denote the signature and Euler characteristic. This paper explores general
properties of the geography of M(G) and undertakes an extended study of
M(Z™).

1. INTRODUCTION

This paper addresses the following general question: in what ways does the
fundamental group of a 4—manifold constrain its other algebraic invariants? To
make this more precise, let M(G) denote the class of closed oriented topological
4-manifolds M* with 71 (M*) = G. The geography problem for a group G asks for
the determination of the set G(G) = {(c(M),x(M)) | M € M(G)}, where o and
x denote the signature and Euler characteristic. Surprisingly, for most classes of
groups, including free abelian groups, the geography is poorly understood.

Results that form the starting point for the study of the geography problem
include that of: Winkelnkemper [34], who proved that if G is abelian, then for any
M e M(G), |o(M)] < x(M); Hausmann and Weinberger [I1], who introduced and
studied the function ¢(G) = min{x(M) | M € M(G)}; and Kotschick [20], who
began the investigation of the function p(G) = min{x(M) — o(G) | M € M(G)}.
Also noteworthy is Gromov’s article [§], which introduced the use of L?-homology
into the study of geography. Further related articles include [3}, 4}, Bl [16] 20, [23].

To simplify our exposition, we will restrict our work to the topological category.
However, all our results apply identically in the smooth category. It is unknown
whether the geography of a group depends on the category, though we will identify
groups for which distinctions are likely to appear. The geography problem for a
nontrivial fundamental group has also been studied extensively for the symplectic
category in which far stronger constraints appear; references include [11 [7, [21].

In addition to presenting a general exposition of the topic and developing tech-
niques for studying the geography problem, there are four main topics of this paper.
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The homological refinement. A 4-manifold M € M(G) naturally determines
a homology class, [M] € Hy(G), as well as a subspace (M) = image H?(G) —
H?(M). Thus, the geography problem can be refined by considering M(G, a) =
{M | 7(M) =G and [M] = o € Hy(G)}.

In Section 2 we show that the restriction of the intersection form of M to I(M)
is determined by a. When M is aspherical, I(M) = H*(M), and when M is simply
connected I(M) = 0. In general I(M) and « capture that part of the intersection
form determined by G. As we will describe in Section 2] every homology class
« is represented by a smooth manifold, and smooth manifolds M, My € M(G)
represent the same class « if and only if they are stably diffeomorphic, where
stabilization refers to a connected sum with +CP?. Clearly G(G) is the union of
the sets G(G, ).

Our first goal is to extend the techniques of earlier work to develop general
properties of G(G, «). Although we are able to find G(G, ) for a variety of pairs
(G, @), there is no case in which « is not primitive for which G(G, «) is fully known.

Kotschick [20] briefly considered the case in which o = 0. In generalizing this, we
explore how understanding the cohomology ring of G reveals details in the structure

of G(G).

The group Z". In our earlier work on the geography problem [19] we gave an
exact computation of the Hausmann-Weinberger function for all free abelian groups,
q(Z™). Here we undertake the study of G(Z™) and G(Z™,«). Although we are
not able to fully compute these sets in general, among our results is a complete
description of G(Z") for n < 6 and G(Z", «) for n < 6 and for primitive a.

Asymptotics of Kotschick’s function, p(Z™). Prior to [19] the only known
bounds on q(Z") were roughly n?/2 < q(Z") < n?. In [19] it was shown that in
fact ¢(Z™) is roughly n?/2. (Stated in terms of asymptotics, ¢(Z")/n* — 1/2.)
The dearth of any examples of manifolds M for which the signature is large when
compared to the second Betti number suggested that the Kotschick function might
satisfy a similar growth pattern: p(Z")/n? — 1/2. In Section [6 we disprove this,
producing examples that show that lim inf p(Z")/n? < 1/2.

Questions. The final section of this paper presents a discussion of open questions.
Some of these focus on issues of category: primarily topological versus smooth, but
we also note the essential appearance of another category, that of 4-dimensional
Poincaré complexes. Another focus is on the dependence of the geography on the
homology class «; for instance, whether G(G,a) = G(G, —a) for all G and « is
unknown. Related to this is the role of orientation in geography. Another focus
of questions is that of understanding the geography in terms of the structure of
the group: this appears in the discussion of Z™; we also mention some unexpected
issues that arise concerning free products.

Outline of the paper. In Section 2] we present the notation and basic tools of the
geography problem. This includes a quick review of elementary topics such as
simple properties of the Euler characteristic of 4—manifolds, general properties of
symmetric bilinear forms, and the intersection forms of 4-manifolds. We also con-
sider somewhat deeper topics, such as group homology and G—bordism theory as
it applies to 4-manifolds, proving for instance that M(G, «) is nonempty for all
finitely presented groups G and homology classes a € Hy(G).
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Section [B] reviews some of the past results related to the geography problem,
stating them in a common notation, identifying their relationship to the general
geography problem, and extending them to the homologically restricted problem
of understanding G(G, «). The section also completes the foundational work on
(G, a).

Section [ presents some basic examples of geography. Kotschick [20] observed
that if H4(G) = 0, one can obtain bounds on p(G). His observation extends in
a relatively straightforward way to give constraints on the geography of G(G, «)
when « represents torsion in Hy(G). Coupling this with explicit constructions of
4-manifolds, we completely determine G(G) when G is a 2-manifold or 3—manifold
group.

In Section Bl we take on the most detailed analysis of the paper, focusing on the
geography of Z™. The results for G(Z™) are complete for n < 6; and for n = 8 we
identify the first case in which there is a strong potential that the smooth category
is distinct from the topological setting. The results for G(Z"™, o) are less complete,
but we achieve a full analysis of G(Z°, «) for all primitive classes a.

Complementing the work on G(Z") for n small, as described in Section Bl Sec-
tion [6] presents results concerning G(Z") for n large. Here we offer a new construc-
tion of 4-manifolds in M(Z") for arbitrarily large values of n. These manifolds are
sufficient to reveal unexpected sporadic behavior in the geography. To be some-
what more specific, for small n, any point in G(Z™) can be realized by a manifold
constructed from a manifold of signature 0 by stabilization via connected sums with
+CP2. In contrast, for appropriate large n, there are arbitrarily many elements of
G(Z"™) of large signature which cannot be realized via stabilizations of manifolds of
smaller signature. These examples are used to study the asympotics of Kotschick’s
function, p(Z").

Section [7 discusses open problems in the study of the geography of 4-manifold
groups.

2. NOTATION AND BASIC RESULTS

In the interest of exposition, we have chosen to work in the category of topological
manifolds. All of the work, however, applies identically in the smooth setting. There
are many other possible categories of 4-manifolds, such as symplectic 4-manifolds,
compact Kéhler surfaces, irreducible or minimal 4-manifolds. Each choice leads
to an interesting set of questions. Moreover, delicate issues arise when comparing
the problems for different categories. Omne can also leave the realm of manifolds
and consider 4-dimensional Poincaré complexes. Most of our discussion applies in
this setting, and we anticipate that to fully understand the case of topological 4—
manifolds, the case of 4-dimensional Poincaré complexes will need to be analyzed so
that surgery theory [6] might be applied. To be more precise, all the manifolds we
construct will be smooth, and all our obstructions apply to 4—-dimensional Poincaré
complexes. At this time, there are no known pairs (o, x) that are known to be the
signature and Euler characteristic of a 4-dimensional Poincaré complex but not for
a smooth 4-dimensional manifold (for any choice of fundamental group G).

2.1. Euler characteristic. For a space X we denote the integral and rational ho-
mology by H,.(X) and H.(X;Q), respectively. The Betti numbers are defined by
B:(X) = dim(H;(X;Q)). If the homology is finitely generated, the Fuler charac-
teristic is given by x(X) = > (—1)!3;(X). For a closed, orientable 4-manifold M,
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Poincaré duality implies that
(2.1) X(M) =2 —28:(M) + B2(M).

2.2. Symmetric bilinear forms and the signature. For convenience we recall
some terminology and facts about symmetric bilinear integer forms.

We will be considering symmetric bilinear forms F': V xV — Z with V a finitely
generated free abelian group whose rank is called the rank of F'. If the determinant
of F (in some basis) is +1 the form is called unimodular; if the determinant is
non-zero the form is called nondegenerate. If F(v,v) is even for all v € V, the form
is called even, and otherwise it is called odd. The signature of F' is the difference

(2.2) o(F) = b (F) — b~ (F),

where b (F) (respectively b~ (F)) is the dimension of the largest subspace of V@R
on which (the obvious extension of) F' is positive (respectively negative) definite.
A nondegenerate form is called definite if |o(F)| equals the rank of F, and called
indefinite otherwise.

Two basic unimodular (integral) forms are the indefinite even form of rank two
and signature 0, denoted H (represented by a 2 x 2 matrix with diagonal entries
0 and off-diagonal entries 1) and the even positive definite form of rank 8 (and
signature 8), denoted Fs.

The classification theorem (see for example [26]) states that any unimodular
indefinite odd form is equivalent to a diagonal form with all diagonal entries +1,
and thus is determined by its rank and signature. Any unimodular indefinite even
form is a direct sum kH @ mFEg, where k is a positive integer, and m is an integer,
and thus is again determined by its rank and signature. The classification of definite
forms is not complete; all such even forms have rank and signature divisible by 8.

An isotropic subspace of a symmetric bilinear form F': V x V' — Z is a subspace
W so that F(wi,ws) = 0 for all wy,wy € W. If F is nondegenerate and admits
an n—dimensional isotropic subspace, an easy argument shows that b™(F) > n and
b= (F) > n, so that

rank(F) > |o(F)| + 2n.

2.3. Algebraic topology and bordism results. For a finitely presented group
G there is an associated Eilenberg-Mac Lane space which we denote Bg. By defi-
nition, B is a based, connected CW-complex whose fundamental group m (Bg) is
identified with G and m;(Bg) = 0,i > 2; the homotopy type of Bg is unique. The
homology groups H.(G) and the cohomology ring H*(G) are defined to be H.(Bg)
and H*(Bg), where coefficients are assumed to be integers unless specifically noted.
Every compact m-manifold has the homotopy type of a finite CW-complex.
(In fact, by results of Kirby-Siebenmann [I8], every compact manifold M has the
homotopy type of a finite polyhedron.) Thus, given a homomorphism ¢: 71 (M) —
G, there is a corresponding based map, unique up to based homotopy, f: M — Bg
inducing ¢ on fundamental groups. This proves the following well-known lemma.

Lemma 2.1. Let M be a closed, oriented m—manifold and G a discrete group. A
homomorphism ¢: (M) — G uniquely determines an element o = f.([M]) €
H,,(GQ), where the map f: M — Bg is the unique based homotopy class inducing
¢ and [M] € H,, (M) denotes the orientation class. O
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Thus we will refer to a € H,,,(G) as the class induced by ¢: 71 (M) — G.
Bilinear pairings can be constructed on the cohomology H*(G) using the cup
and cap products as follows. Given a class « € Ha, (G), define

(2.3) H"(G) x H"(G) — Z by (z,y) — (zxUy) Na.
When n is even, the pairing (Z.3)) is symmetric.

Definition 2.2. Suppose that M is an oriented closed 2n—dimensional manifold

and ¢: m (M) — G is a homomorphism, with f: M — Bg the corresponding

homotopy class of maps and a = f.([M]) € Hay,(G) the class induced by ¢.
Define the subspace

I(M, f) = image (f*: H"(G) — H"(M) — H"(M)/torsion)
C H™(M)/torsion.

The bilinear pairing (Z3]) completely determines the restriction of the intersec-
tion form of M,

H"™(M)/torsion x H"(M)/torsion — Z, (x,y) — (zUy) N [M],
to I(M, f), since
(2.4) (*(a) U £7(B)) 1 [M] = (a UB) N

In particular, if f*: H*(G) — H"™(M) is surjective, then the intersection form of
M is completely determined by algebra, or, more precisely, by the cohomology ring
H*(G) and the class « € Ho, (G).

The problem of deciding when a class a € H,,(G) is represented by a map
f+ M — Bg from a closed m—manifold is a classical (and difficult) problem in
topology (see for example [30]), but can always be solved for m = 4. We outline
the argument.

Lemma 2.3. Given any group G and class o € Hy(G), there exists an oriented
closed smooth 4—manifold M and a continuous map f: M — Bg so that f.([M])
Q.

Proof. The proof of this follows from a calculation using the bordism spectral se-
quence, which is itself an application of the Atiyah-Hirzebruch spectral sequence
(see [28] or [32]) applied to the generalized homology theory given by oriented bor-
dism, Q59. In greater detail, there is a spectral sequence, with Eo-term given by
{H;(X, Qfo)}, converging to Q7°(X). The relevant coefficient groups, oriented
bordism groups of a point, are given by ng =7, Q79 =0,05° =0, Qg?o =0,
and Q¢ = Z, generated by CP? (see [27]). Thus, it follows from the spectral
sequence that there is an exact sequence Q79 — Q79(G) — Hy(G,Z) — 0, giving
the desired surjection. O

The problem of determining the size of I(M, f) is also difficult in general, but
the following fact gives a simple criterion when M is a 4—manifold.

Proposition 2.4. Suppose that f: M — Bg induces an isomorphism fy: 71 (M) —
G. Then the homomorphism f.: Ho(M) — Ha(G) is surjective and f*: H*(G) —
H?(M) is injective. In particular, rank(I(M, f)) = B2(G).
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Proof. The Hopf exact sequence
mo(M) — Hy(M) L5 Hy(G) — 0

implies that f.: Ho(M) — H2(G) is surjective. The result for cohomology follows
from the universal coefficient theorem. O

Surgery yields a method to ensure that a given class a € H,,(G) is represented
by a map f: M™ — Bg inducing an isomorphism on fundamental groups. The
following argument is roughly that of Wall [31, Theorem 1.2], for the most part
translated into combinatorial group theory.

Lemma 2.5. Suppose G is finitely presented and o € H,,,(G), m > 3, is represented
by f: M — Bg for a closed oriented m—manifold M. Then it is also represented
by g: N — Bg so that the induced morphism g.: 71 (N) — G is an isomorphism.

Proof. We first show that if ¢ : H — G is a homomorphism of finitely presented
groups, then ¢ can be extended to an epimorphism ® : H « F — G (where H x F'
is the free product of H with a finitely generated free group F') so that the kernel
of ® is normally generated by finitely many elements.

Indeed, given presentations

H:<h17... 7ha | Wi, ;wb> andG:<gl,... , e ‘ T, 7Td>;
let F' denote the free group generated by g1, --,g.. Then
H*F:<h17 7havglv"' yde | Wy, - - 7wb>

and there is an obvious epimorphism of H x F' to G, taking h; to ¢(h;) and g; € F
tog; € G. Fori=1,--- ,a, let z; € F be a word in the g; € F which is sent to
¢(h;) € G by the canonical surjection F' — G. Taking the quotient of H x F by
the subgroup generated by the finitely many elements r1,--- 74, 21 h;l, R
clearly yields G, since the generators h; and relations z; hj_1 can be eliminated.

Thus by replacing M by the connected sum of M with finitely many copies of
St x Sm~1 we may arrange that 71 (M) — G is surjective and has kernel normally
generated by finitely many elements. This can be done without changing the ho-
mology class «, by arranging that the maps of S* x S™~! to Bg factor through
St

Since M is orientable and has dimension greater than three, the set of nor-
mal generators of the kernel can be represented by disjointly embedded circles
with trivial normal bundles, and surgery on these circles yields a manifold N with
m1(N) =2 G. Extending M — Bg to the trace of the surgery shows that N maps
to Bg, inducing an isomorphism on fundamental groups, without altering the class
a € H,(GQ). O

Given a € Hy4(G), denote by M(G, ) the class of all pairs (M, f), where f: M —
B induces an isomorphism f.: 71 (M) — G and so that o = f.([M]). Then set
G(G,a) = {(c(M),x(M)) | (M, f) € M(G,)}. Thus M(G, ) is nonempty for
each a € H4(G) by Proposition 24 and Lemma Furthermore, G(G) is the
union of the G(G, a).
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Corollary 2.6. Let a € Hy(G) and let (M, f) € M(G,a). Then the restriction
of the intersection form of M to I(M, f) depends only on G and o € Hy(G); it is
given by the pairing 23): (z,y) — (x Uy) Na. Moreover,
(1) b5 (M) = b=(I(M, f)),
(2) any isotropic subspace of the pairing [23]) is also isotropic for the intersec-
tion form of M, and
(3) if 23) is even, then the restriction of the intersection form of M to I(M, f)
is also even.
Thus if I(M, f) = H?*(M)/torsion (for instance, if f*: H*(G) — H?*(M) is
surjective), then the intersection form of M is determined by «. O

2.4. Automorphisms of G. As usual, there are issues of basepoints that arise
with the identification of 7 (M) with a group G. This and other issues are resolved
by considering the action of the automorphism group of G on Hy(G).

Proposition 2.7. Let V: G — G be an automorphism of G, inducing an auto-
morphism V,.: H.(G) — H.(G). Then G(G,a) = G(G,¥.(«)). In other words,
G(G, ) depends only on the orbit of o under the action of Aut(G) on Hy(G). The
fundamental class of any oriented closed 4-manifold M with (M) isomorphic
to G determines a well-defined element in the orbit set Hy(G)/ Aut(G). More-
over, the subspace I(M, f) C H?*(M)/torsion depends only on M and not the map
f: M — Bg.

Proof. Any automorphism ¥: G — G is induced by a based homotopy equivalence
h: Bg — Bg. Hence if (M, f) € M(G,a), then (M,ho f) € M(G,¥.(a)) and so
G(G,a) C G(G, V. (a)). The reverse inclusion follows by considering ¥—!.

Given a manifold M with (M) isomorphic to G, a choice of isomorphism
determines a map f: M — Bg inducing the given isomorphism on fundamental
groups. Another choice gives a possibly different map g: M — Bg. The automor-
phism g, o fo ! : m(Bg) — mi(Bg) is induced by a based homotopy equivalence
U : Bg — Bg. Thus U.(f.([M])) = g«([M]). Hence f.([M]) is well defined
in Hy(G)/ Aut(G). Also the image I(M,g) equals I(M,¥ o f) = I(M, f), since
U* : H?(G) — H?(G) is an automorphism. O

A consequence of Proposition 27 is that if we denote by [a] € Hy(G)/ Aut(G)
the orbit of v, then it makes sense to define M(G, [a]) to be the class of 4-manifolds
M whose fundamental group is isomorphic to G such that f.([M]) € [a] for some
(and hence any) reference map f : M — Bg. In particular, M(G) is the disjoint
union of the M(G, [a]), and the geography G(M, [a]) is well defined. Put another
way, there is a well-defined surjective assignment M(G) — Hy(G)/ Aut(G); this
takes homotopy equivalent My, My € M(G) to the same [a] € Hy4(G)/ Aut(G).
Moreover, the subspace I(M, f) C H?(M)/torsion does not depend on the map f
when f: M — B¢ induces an isomorphism on fundamental groups. Thus given
M € M(G,[a]), we simply use the notation I(M) rather than I(M, f) below.

Combined with Corollary these observations imply that given any two man-
ifolds My, My € M(G, [a]), their intersection forms contain the isometric subforms
I(My) and I(Ms) of rank f2(G). This bilinear form is the one given by Equation
).

A simple bordism argument pointed out to the authors by Peter Teichner shows
that two smooth manifolds M; and M are in M(G, [¢]) if and only if the connected
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sum of M; with sufficiently many copies of CP? and —CP? is diffeomorphic to the
connected sum of M,y with sufficiently many copies of CP? and —CP2.

The argument can be summarized as follows. Given M, My € G(G, [@]), choose
maps fi1: M1 — Bg and fa: My — Bg such that (f1)«([M1]) = (f2)«([Ma]) €
H,4(G). The bordism spectral sequence shows that after possibly replacing M; by
its connected sum with some copies of £CP?, there is a bordism F: W® — Bg
from (M, f1) to (Ma, f2). By performing surgery on W5, it can be arranged that
7r1(W5) > (G and that the inclusions of M; and M, are isomorphisms on 7y. The
1-handles of the bordism can be surgered without changing m; and similarly the
the 4-handles can be removed. The 2-handles are necessarily added along null
homotopic, and thus null isotopic, curves. It follows that the portion of the bordism
built from the 2-handles has, as its boundary components, My and M;#;S5;, where
the S; are either S? x S? or CP?#(—CP?). Since S;#CP? is diffeomorphic to a
connected sum of projective spaces, the desired result follows. (A related but much
deeper argument applies in the topological category; there one might also need to
take a connected sum with the Chern manifold, a nonsmoothable homotopy CP?.)

Reversing orientation changes the sign of o and preserves x, and hence one
obtains the following.

Proposition 2.8. For any G, G(G) is symmetric with respect to reflection through
the x—axis. More generally, G(G,—a) is obtained by reflecting G(G, ) through
the x—axis. Moreover, if o € H4(G) and G admits an automorphism ¥ so that
U, () = —a, then G(G, o) is symmetric with respect to the x—azis. O

There is no reason why G(G, «) should be symmetric for general a. (The sym-
metry assertions in Proposition 2.8 extend to geography problems for classes of
4—manifolds closed under change of orientation; this excludes symplectic manifolds,
for example.)

3. GEOGRAPHY AND FUNDAMENTAL GROUPS

3.1. Basic properties of G(G). We now apply the observations of the previous
section to the problem of determining the geography associated to the class of
4-manifolds with a specified fundamental group.

First, note that Equation (2] and the fact that 51 (X) = 51 (G) for a connected
space X satisfying m(X) = G imply that if M is a closed, orientable 4-manifold
with fundamental group G, then

(3.1) X(M) =2 —2B:1(G) + B2(M).
We have the following basic observations.

Proposition 3.1. If M is a closed 4—manifold and 71 (M) =2 G, then

(1) x(M)=0o(M) (mod 2).

(2) Xx(M) = 32(G) = 25:1(G) + 2.

(3) x(M) = |o(M)| = 26:(G) + 2.
Proof. We have that 82(M) = b"(M)+b~ (M) and (M) =b" (M) —b (M). The
mod 2 congruence then follows from Equation (B1I).

Proposition 24 shows that 82(M) > (2(G). Together with Equation (31 this
proves the first inequality.
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Again, using that G2(M) = bT (M) + b~ (M) and o(M) = bt (M) — b~ (M), we
have that
X(M) =2 —2B1(G) F o(M) + 2b=(M).

The second inequality now follows from the fact that b%(M) > 0. O

Proposition Bl gives us our first interesting constraint on the geography.
Corollary 3.2. Fiz G and o € Hy(G). Then
G(G,a) C G(G)
and G(G) is a subset of the intersection of the three half-planes
G(G) C{x = B2(G)—261(G) +2}N{x+0o = —261(G) +2}N{x—0 = =241 (G) +2}.
Moreover, if (o,x) € G(G, a), then (041, x+1), (c—1,x+1), (o, x+2) € G(G, ).

Proof. All but the last assertion follow from Proposition Bl For the last assertion,
observe that amap f: M — Bg can be homotoped to be constant on a 4-ball in M.
Construct a map on the connected sum f’: M#CP? — Bg by making f’ constant
on the CP? factor. Since CP? is simply connected, f induces an isomorphism on
fundamental groups. Moreover, f’ and f determine the same class o € Hy(M)
since f’ is constant on CP2. Hence if f: M — Bg represents (0,%) € G(G,a),
[+ M#CP? — Bg represents (0 + 1,x + 1) € G(G, ). Similar arguments using
—CP? and S? x S% show that (0 —1,x + 1), (0, x +2) € G(G, ). O

We will show below that these bounds are not strict in the case of G 2 Z™, n > 2.
As an example, in Figure [Tl we illustrate with three dark lines the bounds given by
Corollary for G = Z?3 while the black dots indicate the only values that actually
occur in the region, as will be shown later.

4
8765432101223 45¢6 72860

FIGURE 1. The bounds of Corollary B2 and the geography of G = Z3
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3.2. The invariants of Hausmann-Weinberger and Kotschick. We now ex-
plain the relationship between the problem of identifying G(G) with previously
studied invariants, notably the Hausmann-Weinberger invariant [11]

q(G) = inf{x(M) | M € M(G)}
and its variant due to Kotschick [20]

p(G) = nf{x(M) —o(M) | M € M(G)}.

There are other equally interesting functions based on the geography. For in-
stance, in complex geometry one considers the holomorphic Euler characteristic
xn(M) and ¢}(M). Since x5 (M) = (o(M)+x(M)) and (M) = 30(M)+2x(M)
whenever these are defined, the pairs (yp,c?) and (o, x) contain the same informa-
tion. This led Baldridge-Kirk [I] to define the most general such function interpo-
lating between the Hausmann-Weinberger function and the Kotschick function:

fo(t) = inf{x(M) + ta(M) | M € M(G)},t € R.

Note that ¢(G) = f¢(0) and p(G) = fa(—1).

The Hausmann-Weinberger invariant can be viewed in the present context as
the smallest y—intercept of any horizontal line which intersects G(G) nontrivially.
Kotschick’s variant is similar, but considers lines of slope 1 rather than slope 0.
More generally, fo(t) is the smallest xy—intercept of a line of slope —t that intersects
G(G) nontrivially.

Corollary B2l shows that translating by (0,2) maps G(G) and G(G, @) into them-
selves. This motivates the introduction of the following functions.

Definition 3.3.

(1) ga(o) = min{x(M) | M € M(G) and o(M) = o}.
(2) 46.a(0) = min{x(M) | (M, f) € M(G, @) and o(M) = o}

The basic properties of ¢(G),p(G), fa(t), ga(0) and ¢g o (o) are summarized in
the following theorem.

Theorem 3.4. For each finitely presented group G and o € Hy(G):

(1) gg(o) is defined for all o € Z.

(2) ge(0) =0 mod 2.

(3) 4c(o) > max{lo] — 261(G) + 2, 5:(G) — 261(G) + 2}.

(4) galo+1) =qe(o) £ 1.

(5) G(G) = {(x,0) € Z*> | x > qc(0) and x = o (mod 2)}. Thus qc(o)
determines and is determined by G(G).

(6) For all large values of o, qa(0) = o + p(G), where p(G) € Z denotes
Kotschick’s invariant.

(7) The Hausmann-Weinberger invariant ¢(G) equals min{qg (o) | o € Z}.

(8) fa(t) # —oo if and only if t € [—1,1]. The convex hull of G(G) in R? is
the intersection of the half-planes {x+to > fa(t) | t € [-1,1]}. Thus fa(t)
determines and is determined by the convex hull of G(G).

(9) 46(0) < 4g.a(0).

(10) ga(-0) = 46(0) and 4g,a(0) = Gga(~0).
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The first 5 assertions hold for qg o also. Moreover,

(6)" There exist integers py o (G) and p_ (G) (depending on G and o) satisfying

Proof.
(1)

(9)
(10)

Ip+,0(G)| > p(G) and such that for all large values of o, qg.a(0) = 0 +
P4.0(G) and gg.o(—0) = —0 + p_ o(G).

Given a manifold M, by forming the connected sum with copies of +CP? we
can build a manifold with the same fundamental group but with o arbitrary.
By mapping the extra +CP? via the constant map to Bg, we can arrange
that the class o € H4(G) is unchanged. Thus gg (o) and ¢g,« (o) are defined
for all o.

The parity statement follows from Proposition 311

This is a restatement of Proposition 3.1l

Since we can add +£CP? to M we see that |gg(c + 1) — qg(o)| = 1.

This follows from the definition of ¢ as a minimum, the parity statement,
and the fact that if (o, x) € G(G), then also (o, x +2) € G(G).

The third assertion shows that the function o — ¢g(0) —0o is bounded below
as 0 — 00. The greatest lower bound is the Kotschick invariant p(G). The
fourth assertion shows that this integer-valued function is nonincreasing;
in fact, it changes by 0 or —2 when o is replaced by o + 1. Hence it is
eventually constant. The assertion for g; now follows. For g¢ o a separate
(but duplicate) argument is needed for ¢ — —oo since gg,, may not be
symmetric about the y—axis.

This follows from the definition of ¢(G).

Note that fg(t) # —oo if and only if ¢t € [—1,1]. To see this, recall
Corollary shows that if (o, x) € G(G), then so are (¢ — n,x + n) and
(0 +n,x+n) for all n € Z. For ¢t € [-1,1], the half-plane x + to > ¢
contains G(G) whenever ¢ < fg(t). Hence the convex hull of G(G) is the
intersection of the half-planes x +to > fg(t), t € [-1,1].

Since G(G, a) C G(G), gG.a(0) > qc(0).

This is seen by reversing orientations. O

4. BASIC EXAMPLES

4.1. The trivial group and free groups. We consider the trivial group, {e}
and observe that #,CP2#;,(—CP?) realizes any pair (o, x) satisfying Corollary
when a = (x + 0 —2)/2 and b = (x — 0 — 2)/2. In Figure 2, we sketch the points
of G({e}) contained in the region [0, 8] x [0, 8]. We will explain later why the group
Z3 has the same geography. Note that for both of these groups, Hy(G) = 0, so that
a = 0 is the only possibility. Thus

qiey(0) = |o] +2 = qz3(0).

Consider next the free group on n generators, F,,. Note that Hy(F,) = 0,

51 (Fn)

= n, and B2(F,) = 0. Theorem B4 implies that gp, (o) > |o| — 2n + 2.

The connected sum of n copies of S x S3 with copies of £CP? shows that this
inequality is an equality:

qr, (o) =|o| +2 — 2n.
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FIGURE 2. The geography of {e} and Z3

4.2. Torsion classes; 2— and 3—manifold groups. The deficiency of a group G,
def(G), is the supremum over all presentations of G of g—r , where g is the number
of generators and r is the number of relations.

In the case that H4(G) = 0 it was noted in [20] that in the second statement of
Proposition Bl G2(G) can be replaced with 265(G): x(M) > 262(G) —26:1(G) + 2.
A proof of a stronger result generalizing to Hy(G; F) with F' an arbitrary field
appears in [22 Lemma 1.5]. See Section below. Note that to control the
signature it is necessary to work with Z (or Q) coefficients. The idea of the proof
is a straightforward generalization of the earlier proofs.

Proposition 4.1. Suppose o« € Hy(G) is a torsion class. Then
4G,a(0) > ol +2 = 26:1(G) + 262(G).
In particular, if a group G satisfies Hy(G; Q) = 0, then this inequality holds for

any o € Hy(G).
If moreover a = 0, then

o] +2 = 2(51(G) = 52(G)) < gc.0(0) < o] +2 =2 def(G).

Proof. The cap product Na: H4(G) — Z is zero when « is a torsion class. From
Corollary and Equation (24) one concludes that if M € M(G,[a]), then the
subspace I(M) of H?(M)/torsion is isotropic.

Since the intersection form on H?(M)/torsion is unimodular, it follows that

rank (H*(M)) > 2 rank (I(M)) + |o(M)).

Proposition 24l implies that (M) is isomorphic to H?(G)/torsion, and so the rank
of I(M) equals 52(G). Thus B2(M) > 262(G) + |o(M)|, which implies the first
inequality.

A presentation of a group G with g generators and r relations determines a
2-handlebody W* with one 0-handle, g 1-handles, and = 2-handles. Then the
boundary M = 9(W* x [0,1]) also has fundamental group G and M € M(G, [0]).
Since x(M) = 2—2 def(G) and 0(M) = 0, g¢,0(0) < 2—2 def(G). Taking connected
sums with =CP? gives the upper bound gg o(c0) < |o| + 2 — 2 def(G). O

As a quick application of Proposition [£.]] suppose G is the fundamental group of
a closed orientable surface F' of genus g. Then Hy4(G) = 0 and hence Proposition [4.]]
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implies that when g > 0 (so that G2(F) = (2(G)),
o+ 4g = o] +2~26,(G) +262(G) < qa(o0) < o] +2—2 def(G) = o] +4— 4g.

This proves the following, extending [20, Proposition 5.4], which treats the cases of
the invariants p and q.

Theorem 4.2. If G is the fundamental group of a closed orientable surface F' of
genus greater than zero, then Hy(G) =0 and

qc(0) = [o] + 2x(F).
O

A more interesting class of examples is given by 3-manifold groups: we begin
with the following well-known fact, which lets us apply Proposition AT}

Proposition 4.3. If G = 71 (N) for a compact 3—manifold N, then H4(G) = 0.

Proof. We present the proof only in the case of closed orientable 3-manifolds. Since
H,(G1 % G2) = Hy(G1) ® H4(G2), we need consider only prime 3—manifolds. Also,
since Hy(Z) = 0, we need not consider S! x S2, and so consider only irreducible
3-manifolds.

If G = m (M) is infinite and M is an irreducible 3-manifold, then by the
sphere theorem, M is an Eilenberg-Mac Lane space and Hy(G) = 0. (See, for
instance, [12].)

If G = m (M) is finite and M is irreducible, then the homology of G is 4-
periodic, and Hy(G) = Hy(G) = 0, where H denotes the reduced homology. (See,
for instance, [2].) O

The following theorem completely characterizes the geography of closed oriented
3—manifold groups.

Theorem 4.4. Suppose G is the fundamental group of a closed oriented 3—manifold,
and assume that G is a free product G = F,, x H, where F, is a free group on n
generators and H is not a free product of any group with nontrivial free group.
Then
qc(o) = |o| +2 — 2n.
O

Proof. By Kneser’s Conjecture [12], there is a a closed oriented 3—manifold N with
fundamental group H. Performing surgery on the circle z x S' € N x S! yields a
4-manifold M with m (M) = H, x(M) =2, and ¢(M) = 0. Taking the connected
sum of M with n copies of S' x S2 yields a 4-manifold with fundamental group
G, Euler characteristic 2 — 2n, and signature zero. Thus ¢¢(0) < 2 — 2n. Taking
connected sums with £CP? shows that

qga(o) <|o|+2 - 2n.
To prove the reverse inequality, we observe that the Eilenberg-Mac Lane space

of a free product of two groups is the wedge of the Eilenberg-Mac Lane spaces of
the factors. Using the Mayer-Vietoris sequence this implies

(4.1) 1(G) = Bi(Fn)+B1(H) = n+p1(H) and B2(G) = Bo(Fy)+B2(H) = B2(H).

The prime decomposition and sphere theorems for 3—manifolds imply that

N =Ai# - HAHEK H - HEFH(S X S # - #(ST % S m,
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where the A; are aspherical and the K have finite fundamental group (see for exam-
ple [12]). Since we assumed that H is not a free product, the prime decomposition
of N cannot have any S* x S? factors and so

N = Avdf - FF A H - # K.

Since A; is a closed, orientable, aspherical 3—manifold,
Br(mi(As)) = Br(Ai) = B2(Ai) = Ba(m1(Ad)).
Since K; has finite fundamental group,
0= fi(mi(K3)) = B1(Ks) = Ba(K;) = Pa(mi(K5)) > 0.

It follows that (1 (m(K;)) = 0 = B2(m1(K;)). Using the Mayer-Vietoris sequence
again, we compute

(4.2) Bi(H) = Zﬁl(ﬂl(fli)) = Zﬁ2(7T1(Ai)) = (2(H).

Equations (@) and (#2) and Proposition [l imply that
qc(o) > |o| +2—2n. O

Theorem 4] does not characterize closed oriented 3-manifold groups. One can
construct examples as follows. Let G be a finite group with periodic cohomology
of period 4. Then H,(G) = 0. Corollary 4.4 of the article [9] by Hambleton and
Kreck states that there exists a topological 4-dimensional rational homology sphere
M with fundamental group G. Since x(M) = 2 and (M) = 0, this example and
Theorem B4 imply that gg(o) = 2 + |o|. Milnor [25] listed groups with period
4 cohomology and showed that some of these groups, for example the symmetric
group G on three letters, are not the fundamental groups of 3—manifolds.

Some of these groups, though not fundamental groups of 3—manifolds, are the
fundamental groups of 3—dimensional Poincaré complexes. For instance, Swan has
shown in [29] that the symmetric group on three letters is the fundamental group
of a 3—dimensional Poincaré complex. Thus these examples do not contradict the
possibility that Theorem [£.4] characterizes 3-manifold groups in the Poincaré cate-
gory. In addition, the manifolds constructed in [9] are topological 4-manifolds and
it is not known whether smooth examples exist (see Problem 4.121 of [I7]).

One can carry out calculations similar to those of Theorem [£.4]for the fundamen-
tal groups of not necessarily closed compact 3—manifolds; the statements become a
bit more complicated. However, one interesting and simple example is the following.

Theorem 4.5. Let K C S? be a knot, and let G = 71(S® — K). Then H4(G) =0
and

qc(o) = |o|.

Proof. A knot K in S® has H1(S® — K) 2 Z and H»(S® — K) = 0. Hence (1 (G) —
B2(G) = 1. The Wirtinger presentation of G has deficiency 1; this easily implies
def(G) = 1. The Sphere Theorem [12] implies that S®— K is an Eilenberg-Mac Lane
space, and hence Hy(G) = H4(S® — K) = 0. The last assertion of Proposition {1l
then shows that gg (o) = |o|. O
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4.3. Multiple classes. The following is a well-known result, presented in print
in [22, Lemma 1.5]; we state the theorem in terms of classes being multiples, o = pr,
rather than o = 0 € Hy(G;Z/p) to be consistent with our approach. The simple
proof is included for the reader’s convenience.

Theorem 4.6. Suppose M € M(G,[a]) and that o € Hy4(G) is a multiple, say
o = pt for some T € Hy(G) and prime p. Then

X(M) > 2 -2 dimg,(H'(G;Z/p)) + 2 dimg,,(H*(G;Z/p)).
In particular, if Hi(G;Z) has no p—torsion, then
X(M) >2—206,(G) + 262(G).

Proof. Let f: M — Bg denote the corresponding map. The homology group
H,(M;Z/p) is isomorphic to Z/p. The coefficient homomorphism Hy(M;Z) —
H,(M;Z/p) induced by the surjection Z — Z/p takes the fundamental class [M]
to a generator, which we denote by [M;Z/p]. Poincaré duality implies that the
intersection form with Z/p coefficients

H*(M;Z/p) x H*(M;Z/p) — Z/p, (z,y) — (xUy) N [M;Z/p]

is nonsingular.

Since o = pr7, naturality of the coefficient homomorphism implies that a maps to
zero under the morphism f,: Hy(G;Z) — H4(G;Z/p). Thus the Z/p intersection
form vanishes on the subspace

I = Tmage(f*: H*(G;Z/p) — H*(M;Z/p)),
since

0=(zUy)N0=(zUy) N fu([M;Z/p]) = (f*(x) U f*(y)) N [M;Z/p].

The subspace I has the same Z/p dimension as H?(G;Z/p); in fact we have
that f*: H*(G;Z/p) — H?*(M;Z/p) is injective since Bg can be constructed by
adding cells of dimension 3 and higher to M. Since the Z/p intersection form is
nonsingular,

dimg,, H*(M;Z/p) > 2dimg,,, I.

Computing the Euler characteristic of M using Z/p coefficients and Z/p Poincaré
duality yields

X(M) =2 — 2dimg,, H'(M;Z/p) + dimg,, H*(M; Z/p)
> 2 —2dimg,, H'(G; Z/p) + 2dimg,, H*(G; Z/p).

The last statement follows from the universal coefficient theorem. O

5. FREE ABELIAN GROUPS

For the rest of this article we will focus on the geography of the free abelian
groups. This class of groups provides a setting to investigate the ideas introduced
above more deeply, and, as we shall see, will quickly lead us to difficult algebraic
and 4-manifold problems.
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5.1. The homology and cohomology of Z™. We begin by reviewing the coho-
mology ring of Z™ and setting up notation and conventions.

A particular Eilenberg-Mac Lane space for Z" is the n—torus, Bz» = (S1)" = T™.
The cohomology ring H*(Z") is the exterior algebra on H'(Z™). In particular,
HF(Z") is a free abelian group with rank the binomial coefficient, C'(n, k). When
convenient, we fix a basis vy, -,y of m (T™) = H1(Z™). We denote the dual basis
by x1,--- ,x, € H(T™). We drop the notation “U” to indicate multiplication and
so H*(Z™) has basis the C(n, k) products z;, x;, - - - i, 11 < ig < -+ < i.

The fact that 7™ is a closed orientable manifold gives us some additional algebraic
structure, which we now describe. Note that the basis of m1(7T™) determines one
of the two generators of H, (Z™) = Z (that is, an orientation of 7™), and hence a
fundamental class, which we denote by [T'] € H,,(Z™). This then defines the duality
isomorphism

N[T): H*(Z") — H,_,(Z"™).
Given o € Hy(Z™) denote by w € H"*(Z") the Poincaré dual to a, so
wN[T] =« € Hy(ZM).

Given x,y € H*(Z"),
(zy) N = (zyw) N [T].

For our purposes, this formula is best recast in the following proposition, whose
proof is just an application of the formula of Equation ([24)).

Proposition 5.1. Let o € Hy(Z™) and choose M € M(Z" [a]). Letw € H"~4(Z")
satisfy wN [T] = a.

Then the restriction of the intersection form H*(M) x H?(M) — Z of M to the
subgroup I(M) C H?(M) is isometric to the pairing

H*(Z") x H*(Z") — Z, (z,y) — xyw N [T).

([
The pairing of Proposition [5.1] does not depend on the orientation of T, since
the intersection form of M restricted to I(M) is independent of the orientation of
T™. In any case it is useful to observe that changing the orientation of T™ (for
example, by changing the basis 1, -+, 7y, of m1(M)) changes the signs of both w
and [T].
Notice the simplicity of this pairing: H*(Z"™) = A*(Z™), so an orientation of T
is just an identification A™(Z") = Z, and the pairing of Proposition [5.I]in the usual
notation of the exterior algebra is

(5.1) A (Z™) x A*(Z™) — Z, (2,y) — 2 Ay Aw.

Some basic consequences of this observation are assembled in the following the-
orem.

Theorem 5.2. Fiz a € Hy(Z") and M € M(Z",[a]). Use the isomorphism

HY(Z"™) — HY(M) to identify the basis {x;} of H(Z"™) with a basis of H(M).
Then the subspace I(M) C H?(M) is a free abelian summand of rank C(n,2).

In the basis {x;x;}ic; of I(M) one has (z;x;)(xkze) = 0 if an index is repeated in
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the set {i,7,k,€}. In particular:

(1) The restriction of the intersection form of M to I(M) is even.
(2) The intersection form of M contains (n — 1)-dimensional isotropic sub-

spaces, for instance the subspace spanned by {x129, x123, -+ ,x12,}. Hence
qz~ (o) = |o|.
() (wiz;)(zpwe) = —(wimp) (2;20).

Proof. Let f: M — T" induce the isomorphism on fundamental groups. Since
f*: H*(Z™) — H?*(M) is injective by Proposition 24, I(M) C H?*(M) is free
abelian of rank C(n,2). To see that it is a summand, consider a map on the n—fold
wedge

j:Stv...v St M

taking the ith circle to a loop representing the generator ; € w1 (M). Since
m1(M) = Z"™ is abelian, the map j extends to the 2-skeleton of the n—torus

j (T™)® = M.
The induced composite on cohomology
HA(T) @) = BX(T") L B2 () 2 HA(1) @)

is clearly the identity and hence gives a splitting of f*.

The rest of proof follows from Corollary and basic properties of the exterior
algebra, such as z;z; = —z;x;. In particular, since (z;z;)(x;x;) = 0, the intersec-
tion form of M restricted to I(M) has zeros on the diagonal in this basis and hence
is even. Notice that since the intersection form of M has an (n — 1)-dimensional
isotropic subspace, O2(M) > |o| + 2(n — 1), which implies that x (M) > |o]. O

Corollary 5.3. Suppose that o € Hy(Z"™) and that there exists an M € M(Z", [a])
so that H*(Z™) — H?(M) is surjective. Then n # 2,3, and the intersection form
of M is equivalent to kEg & (H for some k € Z and ¢ > n — 1. In particular
C(n,2) = 8lk| + 2¢ and therefore is even. If M is smooth, then in addition k is
even.

Proof. If f*: H*(T") — H?(M) is surjective, then by Theorem it is an iso-
morphism and the intersection form of M is even. Since it contains an (n — 1)-
dimensional isotropic subspace, C'(n,2) > 2(n—1), and hence n # 2, 3. Furthermore
the intersection form is indefinite, so the classification of even, unimodular integer
bilinear forms shows that the intersection form of M is equivalent to kFEg ® {H for
some k€ Zand ¢/ >n — 1.

If M is smooth, then since Hy (M) has no 2-torsion, it follows that M is spin, so
that by Rohlin’s theorem the signature of M is divisible by 16. Hence k is even. [

Theorem and Corollary together imply that
q(Z")>2—-2n+C(n,2) + €,

where €,, equals zero if C(n, 2) is even and equals 1 if C'(n, 2) is odd. The main result
of [19] is that this lower bound is achieved for all n, except that ¢(Z3) = 2, rather
than 0, and ¢(Z%) = 6, rather than 2. Moreover, the examples constructed in [19]
which realize this lower bound all have signature zero since they are obtained by
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surgeries on connected sums of products of orientable surfaces. Thus we conclude
that for n # 3,5,

(5.2) qzn(0) > qz»(0) =2 —2n + C(n,2) + €,.

Example. Suppose w € H*(Z®) so that the induced pairing (5.1)) is unimodular.
Notice that such an w exists by the results of [I9] since C(8,2) = 28 is even. The
classification theorem for unimodular integer forms [26] shows that this pairing is
equivalent (after perhaps changing orientation) to either 14H or Es @ 10H.

Now if M € M(Z8,w N [T]) satisfies B2(M) = 28, then I(M) = H?(M) and so
the intersection form of M is equivalent to (B.IJ). The example constructed in [I9]
has signature zero, hence has intersection form 14H, but Corollary (.3 allows the
possibility that for some w the signature equals 8.

5.2. Calculations.

5.2.1. n = 0,1,2,3. Since Z° Z' and Z3 are closed 3-manifold groups (the corre-
sponding 3-manifolds are S3, S! x §2, and T3) and Z? is the fundamental group
of a torus, the geography for these groups is given by Theorems [£4] and

) [lol+2 ifn=03
n|\O) =
1z 0|  iftn=1,2.

The geography of Z° and Z?3 has already been illustrated in Figure Bl and the
geography of Z',Z?, and (as we will show next), Z* is illustrated in Figure Bl

O = N W A oo ~ X

01 2 3 45 67 8O0

FIGURE 3. The geography of Z, Z?2, and Z*

5.2.2. n = 4. First note that Hy(Z*) = Z. Moreover, since the 4-torus admits an
orientation reversing homeomorphism, gz o(—0) = qz4,_o(0) = qza o(0) for any
[OAS H4(Z4)

Since (2(Z*) = C(4,2) = 6, Theorem [5.2] implies that for any o € Hy(Z*) and
any M € M(Z*,[a]), B2(M) > 6. Theorem (.2 shows that gz o(0) > |o|. Taking
the identity map of the 4-torus and connected sums with £CP? shows that

qz+(0) = |o]
and that if [T] € H4(Z*) is a generator, then

QZ4,[T](U) = |o|.
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If « = k[T] for |k| > 1 or k = 0, then Theorem implies that x(M) >
2 — 8+ 12 = 6 and s0 gz o(0) > max{6, |o|}.

A signature zero example with x = 6 representing o = k[T], |k| # 1, can
be constructed as follows. Let M’ := T4#(S* x S3), with 71 (T*) generated by
ai,as,asz,aq and m1(St x %) generated by b. Let f': M’ — T* be a map inducing
the map ay — 1, a2 — Y2, a3 — 3, a4 — %’f, b +— 74 on fundamental groups. Then
fi([M']) = k[T] and f’ induces an epimorphism on fundamental groups. Note that
X(M') = —2and o(M’) = 0. Now perform 4 surgeries along circles in M’: the first
to introduce the relation b* = a4 and the other three to introduce the commutator
relations [aq, b], [az, b] and [as, b]. Each surgery increases the Euler characteristic by
2 and leaves the signature invariant. The map f’ clearly extends over the trace of
the surgery. Thus the resulting 4 -manifold M has a map f: M — T* inducing an
isomorphism on fundamental groups, and representing k[T']. Moreover, x(M) = 6
and o(M) = 0.

Thus gz k7](0) = 6 for |k| # 1. Taking connected sums with +CP? shows that

max{6, o[} < gz4 xr)(0) < |o| + 6.
When k = 0, i.e. M € M(Z*,0), then I(M) is a 6-dimensional isotropic sub-
space. Hence
qz+,0(0) = |o| + 6.
We summarize these calculations in the following theorem.
Theorem 5.4. Given o € Hy(Z*), define the nonnegative integer k > 0 so that
+a = k[T]. Then the following hold.
(1) gz+(o) = |o|, and so q(Z*) = 0, p(Z*) = 0.
) If k=0, qza 4(0) = |o| + 6.
; If k=1, qz1,a(0) = |o].

(2
(3
(4) If k> 1, max{6, |o|} < gz (o) < |o| + 6.

O

Question. Is qza yir)(0) = |o| + 6 for |k| > 17 From parity considerations we know
that gz x[r)(1) = 7 when |k| # 1. We do not know whether gz ;[71(2) = 6 or 8.

The unknown values of gz x[7) for [k| > 1 are marked with circles in Figure [l

X
13

12 S
11
10

(G2 SN > RN BNe JlNo]
v
v

!

01 2 3 45 6 7 80

FIGURE 4. The unknown points in G(Z*, k[T)), |k| > 2
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5.2.3. n = 5. Note that H?(Z%) has rank 10 and H4(Z%) has rank 5. We first
claim that given any o € Hy(Z5), there is an automorphism ¥ € Aut(Z%) so that
U, (o) = (kxzy) N [T] for some k € Z.

The following lemma helps to keep track of how automorphisms of m (T") =
Hy(T™) act on the cohomology H*(T™), thinking of the cohomology as the exterior
algebra.

Lemma 5.5. Let A: m(T™) — 71 (T™) be an automorphism, given in the ba-
SIS Y1+ ,Yn as an n X n matric A € GL(Z™). Let xy, -+ ,x, € HY(Z") =
Hom(rmy(T™),Z) denote the dual basis. Then the induced map A*: HY(Z") —
HY(Z") is given by the transpose AT in the basis {x;}.

Moreover, if w € H""4(Z"), a € H4(Z") satisfy w N [T] = «, then A.(a) =
det(A)((A%) (@) 1 [T

Proof. The fact that A* = AT is well known and easy. The other formula is a
consequence of the naturality of cap products, expressed by the identity f.(f*(x)N
y) = N f«(y), valid for any continuous map f. In more detail, taking f : T™ — T"
to be a map inducing the automorphism A : m (T™) — 71 (T"), the induced map
A.: H,(Z") — H,(Z"™) is multiplication by det(A4). One computes

Au(@) = Au(wn [T]) = A(A%(A") 7 (@) N [T])
— (A7) () N AL(T]) = (4%) " (@) N det (A)[T].
O

We use Lemma as follows. Given o € Hy(ZP), let w € H'(Z5) satisfy
wN[T] = a. Since w € H*(Z%), we can write w = k(byxy + - - - + bsxs) where k € Z
and byxq + - - -+ bsas is primitive (that is, not divisible). Thus there is some matrix
B € GL(Z%) which sends w to kz1. Clearly we can assume det(B) = 1 and k > 0.
Lemma implies that the matrix A = (BT)~! determines an automorphism
U: Z5 — 75 satisfying W, (a) = kxy N [T].

Since G(Z°, o) = G(Z°, ¥.(a)), we see that G(Z°,a) = G(Z°, kxy N [T]), where
k > 0 is the unique integer so that o = k7 for T a primitive class.

If « = 0, then I(M) is a 10-dimensional isotropic subspace for any M €
M(Z",]0]). For such an M, |o| < B2(M) — 20, and so

qz570(0) =2—-10+4 B2(M) > |o| + 12.

If o # 0, then since zy N« = zyw N [T°] = kaxyz; N [T], the intersection form
vanishes on the subspace of I(M) generated by

(5.3) {@129, 1123, T124, T1T5, T2X3, T2Ta, To2Ts5 },

which is of rank 7. Thus, for any M € M(Z5,[a]) with a # 0, x(M) =2 — 10 +
B2(M) > -8+ |o(M)|+ 14 = |o(M)| + 6. Hence for a # 0,

qz5,0(0) > |o| + 6.

To construct an upper bound, take M’ = T*# (T2 x S?) with 7, (T*) generated by
ai,as,as,aq and 71 (T? x S%) generated by by, by. Thus x(M’) = —2 and o(M’) = 0.
Select a map M’ — T° inducing the homomorphism a; +— 72,as + 73,a3
Y4, aq — vE by = 1, by +— 75 on fundamental groups. Then o = kxy N [T].

If & = 0 (in other words, k = 0), perform 7 surgeries on M’: one to kill ay and
six to kill the commutators of a1, as, ag with by, by. Each surgery increases x by 2.
Clearly the map from the resulting manifold M to T° induces an isomorphism and
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represents 0 in Hy(Z®). Since x(M) = 12 and (M) = 0, taking connected sums
with +CP? provides examples showing gzs o(c) < |o| + 12, and so

qzs0(0) = |o| +12.

If « = x1N[T), i.e. k = 1, perform 4 surgeries on M': one to kill bzazl, and three
to kill the commutators [a1,b1], [az,b1] and [a3,b1]. The map from the resulting
manifold M to T induces an isomorphism and represents « in H4(Z%). Since
X(M) = 6 and o(M) = 0, taking connected sums with +CP? provides examples
showing qzs o(0) < |o| + 6. Thus for k = 1:

qz5,11ﬂ[T](U) = ‘O’| + 6.

If ¥ > 1, perform 7 surgeries on M’: one to kill b’fa;l, and six to kill the
commutators [a1, b1], [az, b1], [as, b1], [a1, ba], [a2, ba], and [ag, b2]. The map from the
resulting manifold M to T® induces an isomorphism and represents a in Hy(Z5).
Since x(M) = 12 and o(M) = 0, taking connected sums with +CP? provides
examples showing qzs xe,nj7)(0) < [0+ 12. On the other hand, Theorem [4.6]shows
that for such «, x(M) > 12.

Thus for k > 1:

max{12, o] + 6} < gzs pz,ni7(0) < [o] + 12.
Taking the minimum over all homology classes o we see that
qzs(0) = |o| + 6.
In summary:

Theorem 5.6. Given o € Hy(Z5), there exists a unique nonnegative integer k and
A € Aut(Z®) so that A.(a) = (kx1) N[T]. Then the following hold.

(1) qzs(o) = |o| + 6, and so q(Z5) = 6, p(Z>) = 6.

(2) If k=0, gzs 0(0) = |o| + 12.

() If k=1, qz5 2,n1)(0) = |o| + 6.

(4) If k> 1, max{12, [o]| 4 6} < qz5 kaynr)(0) < o] +12.

Question. If k > 1,18 qzs ko, nr)(0) = |o| + 127

The geography of Z5 is illustrated in Figure 5l (Note the change in the vertical
scale in the figure.)

5.2.4. n = 6. For Z, the situation becomes more delicate and interesting; for
instance, gzs(o) is not linear for ¢ > 0. If m (M) = Z°, then I(M) has a 7-
dimensional isotropic subspace and it follows that max{6, |o| + 4} < gzs(o) (see
the proof of Theorem .9 and Equation (&4])).

It is convenient at this point to recall the examples of symmetric products, [I} [24].

Proposition 5.7. Let F} denote the oriented compact surface of genus k. Let
Sor, = Sym?2(Fy). Then Soy, is a smooth 4-manifold with 71 (Sax) = Z**, x(Sar) =
2k% — 5k +3 and o(Sax) =1 — k. O

A 4-manifold M is constructed in [19] with w1 (M) = Z°, x(M) = 6 and o(M) =
0 (see also the proof of Theorem below). It follows that gze(0) = 6. Since
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FIGURE 5. The geography of Z°

qzs (1) > 6, it follows that gze(1) = 7. The 4-manifold Sg has fundamental group
Z5, x(Ss) = 6, and 0(Sg) = —2. Thus, gzs(2) = qzs(—2) = 6. It follows that

6 o=0,
qzo(0) = 7 ol =1,
ol +4 o =2,

as illustrated in Figure [6

X
13

12
11
10

9

8
7
6
5

012 3 45 6 7 8O0
FIGURE 6. The geography of Z°

To compute gzs ., we find a canonical form for the homology classes a € H?(Z°).
In the following theorem, we fix a basis v1,...,v € H1(Z%) and let xq,--- , 26 €
H(Z5) denote the dual basis. These determine an orientation class [T'] € Hg(Z5).

For a triple of integers a,b, ¢, the notation a|blc means that there are integers
k, ¢ so that b = ak and ¢ = bl.

Theorem 5.8. Given any o € Hy(Z%), there exists an automorphism A € Aut(Z9)
and a unique set of integers a,b,c € Z with a|blc, a,b > 0, so that

A(a) = (axyme + brzzy + cxsze) N [T].
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Proof. Let B € SLg(Z). In the basis {x;}, B defines automorphisms B*: H*(Z%) —
HY(Z5) and B*: H*(Z°) — H*(Z%) by B*(z;) = >_; Bijzj and B*(z;x;) =
B*(x;)B*(z;). Let w € H*(Z5) satisfy w N [T] = a. Lemma [55 implies that if
we set A = (BT)~! the automorphism A: Z% — Z6 given by A(y;) = > Aigv
satisfies A, (a) = B*(w) N [T].

We first prove that for any w € H?(Z5), there is a matrix B € SLg(Z) so that
B*(w) is of the form azqxe + bxsxy + crsxe for some a,b, and c.

Any w € H?(Z%) can be written as Y «; jx;z,i < j. Collecting terms, we can
express w as

w=ar1x(ary + - - + apxe) + wa,

where the o; have ged =1, a; > 0, and wy can be expressed in terms of x;x; with
2 <i < j. (If z; appears in w, then a; > 0 and the «; are uniquely determined,;
otherwise, we have the decomposition w = 0z1(z2) + ws.)

Within (xo, ..., x¢) = Z5 there is a basis with its first element apxs +- - - + gxg.
Renaming those basis elements s, ..., xg gives

W= a1r1Ty + w2,

where wy continues to be expressed in terms of z;x;,2 <i < j.
Repeating this process, we can change the basis so that

W= a1L1T2 + a2T2T3 + A3L3L4 + A4X4T5 + A5T5%6

and by changing signs of the appropriate x; we can arrange that a; > 0 for all 4.

Now we want to see that by a further change of basis it can be assumed that
either a; = 0 or as = 0. We will demonstrate this by repeatedly changing basis so
that min{a;, as} is reduced.

Suppose now that a; < as. Make the change of basis 1 — z1 + 3. Then we
have:

w=a121%2 + (a2 — a1)T2T3 + a3T3T4 + A4T4T5 + A5T5T6.

The coefficient on zox3 became smaller, and this can be repeated until the coefficient
on xoxs3 is smaller than ag.

On the other hand, if as < a1, make the change of basis zs — x1 + 3. Then we
have

w = xl(alxg + agxg) + A9X2oX3 + a3x3x4 + A4x4X5 + A5T5Tg.

Now, factor out a} = ged(aq, a2) (and note that a] < as) to write
w = ajz1(a1T2 + a2T3) + asTow3 + A3T3T4 + A4T4T5 + a5T5T6,

with oy and a9 relatively prime. As earlier, a change of basis on (xa,...,2g) can
be made so that asxs + azxs is replaced by xo and with respect to this new basis,
we have
W = a}T1T2 + ahTaT3 + a4T3T4 + ayT4T5 + A5T5T6.

Notice that a), may be greater than az, but we do have that a] < az < ay. If
a) < ag we are done. Otherwise, do the earlier change of basis to lower a} by a
multiple of a} so that a) < a} and thus a4 < a} < az < a;. Hence the smaller of
the two decreased. Continuing in this manner we obtain either a; = 0 or ay = 0.

With this, it follows from induction that w € H?(Z%) can be put in the form
w = ari1xs + br3ry + crsxe for some a,b, and ¢, with respect to some basis.

We next want to achieve the desired divisibility of the coefficients. Consider
claziwa + brszy) € H3(Z*) with a,b,c € Z and a and b relatively prime. Choose
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integers p,q with ap + bg = 1. The determinant 1 automorphism defined by the
substitutions

/ / / !/ !/ / !/ !/
r1 =1x] —bqry, x9=pxy—bry, x3=x]+apry, x4=qTy+axy,

takes c(az1ze + brsxy) to c(z)xh + abriz)). With this, it follows from induction
that w € H?(Z%) can be put in the form w = ax1x5 + brswy + crsw6 With respect
to some basis, with alblc.

Changing the sign of the basis elements can then ensure that a,b,c > 0. We
can further arrange that the basis change matrix has determinant 1, perhaps at the
cost of changing the sign of ¢. The remark at the start of the proof then implies
that there is an automorphism A with A, (a) = (az122 + brszs + cxsxe) N[T], with
a,b >0 and alb|c.

To show the uniqueness of a, b, and ¢ we consider the quotient of H?(Z°)/(w),
now viewed as an abelian group. The order of the torsion of the quotient group is
a. Thus, the value of a depends only on the Aut(Z°) orbit of w.

Next consider w? € H*(Z®). When placed in normal form,

2
w* = 2ab(T1702374 + [T1T2T5T6 + ST3T4T5T6).

This shows that w? is 2ab times a primitive class in H*(Z°). This is a property
that is invariant under the action of Aut(Z%) on H*(Z°), and so 2ab is uniquely
determined. Since « is determined by w, and a,b > 0, b is uniquely determined.
Continuing, w3 = 6abcxTor3rsrsTs. As before this shows the product 6abe is
determined up to sign (since ¢ can be negative) and hence also |¢| is determined.
The sign of ¢ is also uniquely determined. This is because any determinant 1
automorphism of Z6 fixes the product 6abc and we require that a,b > 0. (]

Thus to identify G(Z5, [a]) it suffices to consider o € Hy(Z%) with o = w N [T
and
w = axri1xo + bxrsry + cxrsxe,

where a|b|c and a,b > 0. Here are the results.

Theorem 5.9. Given o € Hy(Z5), there exist unique integers a, b, ¢ satisfying a|b|c
with a,b > 0 and A € Aut(Z%) so that A.(a) = (ax1m2 + br3zy + cxsae) N [T].
Write qap.c(0) for qze o(0).
Then gq.p,—c(0) = Gap,c(—0) and the following equalities and estimates hold:
(1) go,0,0(0) =20+ |o].
) q100(0) =14+ |o|.
; CI1,1,0(U) =10 + |(T|

6 if o =—2 or0,

7 ifo=—1orl,

4—0 ifo <=2,

r+o ifo>2, for somer € {4,6}.

ql,1,1(0) =

(5) For general a,b,c,
max{s,4 + [o|} < qap,c(0) < 5+ o],

where s =20 ifa>1,s=14 ifa=1andb>1, and s=10ifa=b=1
and c > 1.
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Proof. The first assertion is just a restatement of Theorem 5.8 Replacing M by
—M replaces o by —c, and hence ¢q4.c(0) = g—q,—b,—c(—0). Since we can change
the signs of any two of a,b,c by a determinant 1 automorphism of Z°, we see
that ¢_q —t,—c(—0) = Gap,—c(—0). Thus we assume o = w N [T], where w =
a1+ bx3ry + cxsre with a,b, ¢ > 0 and alblc. For convenience we write M(G,w)
instead of M(G,w N [T7).

We next establish some lower bounds. First recall that in Section[5.2.4]we showed
that for any o € Hy(Z), qzs o(0) > 2 — 12+ 16 = 6.

Given (M, f) € M(Z5,w), the 7-dimensional subspace of I(M),

Vi = (x1@2, ®1 23, T12T4, T1 25, T3T5, T3T6, T4Ts5)

is isotropic (we use the map f*: H?>(T") — H?*(M) to identify the generators
of H?(T™) with a set of generators of I(M)). In fact, the cup product of any
two elements in V] with w vanishes. Thus the intersection form of M has a 7—
dimensional isotropic subspace and hence B2(M) > 14 + |o(M)|. Hence

(54) Qa,b,c(a) 2 maX{G, 4+ |0|}
for any a, b, c.

Now suppose that ¢ = 0. Given (M, f) € M(Z® axixs + bxzzy), the 10~
dimensional subspace of I(M),

Vo = (2122, 1173, T1T4, T1T5, T1T6, T2T3, T2Ta, T3T4, T3T5, T3T6)
is isotropic. Thus
Qapo(o) > 10+ |o].
One can get a bit more information from the space V5. Suppose that ¢ > 1. Then

if p is a prime which divides ¢, working mod p one sees that the Z/p reduction of
V5 is isotropic. This allows us to conclude

Gabc(0) > 10 if |e] > 1.

Now consider the case b, c = 0. Given (M, f) € M(Z5, ax1z5), the 12-dimension-
al subspace of I(M),

V3 = (2122, 2123, 124, T125, T126, 23, T2Xg, ToT5, T2L6, T3L4, T3T5, T3T6)
is isotropic. Hence
a00(0) 2 14 +o].

More generally, if b > 1, working mod p for a prime p dividing b one finds that

V3 is isotropic, so that
Qabe(o) > 14if b > 1.

Finally, consider the case a = b = ¢ = 0. For any (M, f) € M(Z5,0), the
intersection form vanishes on I(M) C H?(M), which has rank 15. This implies
that

90,00(0) = |0 +20.
As before (or applying Theorem [6), one sees
dapbc(o) >20if a > 1.

Finding good upper bounds is more involved. We begin with a general construc-
tion which covers many cases.

Start with M’ = (Fy x F1)#T*, where F, denotes the closed oriented surface of
genus g. Label the generators of w1 (M') as follows: a1, as,as,as generate 71 (Fy),
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b1, by generate m (F), and ¢y, ¢z, c3, ¢4 generate 71 (7). Thus the a; commute with
the b;, the b; commute, the ¢; commute, and [a1, as][as, as] = 1.
For a,b, ¢ as above, choose a map f': M’ — T° which induces the map
ay — Y1, a2 — 73, a3 — 73, a4 — V4,
b1 — 75, b2 — 76,
€1 VY, Ca > Y2, C3 7> V3,C4 Vs
on fundamental groups. Then f.([M']) = (az122 +brszs+ crs26) N [TC]. Note that
x(M') = =2 and o(M’) = 0. This is true for any triple a, b, ¢ of integers, regardless
of divisibility.
Next perform four surgeries on M’ to kill the elements a‘icl_l, ascy b agcgl, and
asc;®. The map to TC extends over the resulting manifold, which we denote by
M". The fundamental group of M" is generated by aq, ca, c3, c4, b1, and by, which

are mapped to y1,72, -+, V6 respectively. Note that x(M"”) =6 and o(M") = 0.
For general a, b, ¢, the commutators

21 = [a1, c2], 22 = [a1, c3], 23 = [a1, ca], 24 = [c2, b1],

z5 = [ca, b2], 26 = [c4, b1], 27 = [ea, bo],
in 71 (M") need not be trivial (but [cs,b1] = 1 = [e3,b2]). Six surgeries on M" to
kill these 6 commutators yield (M, f) € M(Z5,w) with x(M) =20 and (M) = 0,
for any a,b,c. Thus we see that ggp(0) < 20+ |o| for any a, b, c. Combined with
the lower bounds derived above we conclude that

q0,0,0(0) =20 + |o]

and
Ga,b,c(0) = 20 for a > 1.

To treat the case (a,b,c) = (1,b,¢), it is convenient instead to realize w =
ax1x2 + brsxry + r5T6, and then to change coordinates. Suppose, then, that ¢ =1
and a,b are arbitrary. Then a; = ¢; in m(M"”). Thus z; = 20 = 23 = 1 in
m1(M"). Hence only four surgeries are required to abelianize 71 (M"), yielding
(M, f) € M(Z5,w) with x(M) = 14 and o(M) = 0. One can find a determinant 1
automorphism that takes w = axi1x2 + br3xy + x526 t0 T122 + bx32T4 + Ax576. Thus
q1,p,c(0) < 14 + |o|. Combined with the lower bounds derived above we conclude
that

QI,O,O(U) = 14+ |O’|
and
14 < qip,e(0) <14+ o

when b > 1. We will improve this below when b = 0.

When a = 1 = b, then in m (M"), [a3,a4] = [c3,c4) = 1, and so 1 = [a1,az] =
[a1,co) = z1. Moreover, z4 = [ca,b1] = [a2,b1] = 1 and similarly z5 = 1. Clearly
26 = 27 = 1. Thus to abelianize m (M") requires only two surgeries, yielding
(M, f) with x(M) = 10 and ¢(M) = 0. This implies that ¢i1,0(c) < 10+ |o| and
so combined with the lower bounds one concludes

CI1,1,0(U) = 10+ |0’|

and
qu,C(O) =10if ¢ > 1.
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When @ = b = ¢ = 1, then m(M") = Z% and so ¢111(0) < 6 + |o| and
¢1,1.1(0) = 6. Moreover, the manifold Sg has x(Ss) = 6 and o(Ss) = —2. It follows
from the bounds derived above that if f: S¢ — Bgzs induces an isomorphism on
fundamental groups, f.([Ss]) corresponds to a = 1,b = 1, and ¢ = +1. That c is
in fact 1 follows from a symmetry argument, as follows. Notice that there is an
automorphism of the genus three surface F3 inducing the map on homology carrying
the ordered set (z1,xs,...,x¢) of generators of Hi(F3) to (z3,x4,Ts5,Ts,T1,%2)-
This induces an orientation preserving homeomorphism of Sg inducing a similar
map on ;. Thus, precomposing the map Sg — T with this homeomorphism does
not affect which class is represented in H4(T°), but induces a map that carries
axr1Ts + brsry + cxsr6 to br1xo + CT3T4 + ax5T6. Hence, a = b = c.

We now have that ¢1,1,1(0) < 6+|o+2|. Thus ¢1,1,1(c) < 6+|o| and ¢1,11(—2) =
6. These estimates are assembled in the equation

6 if o =—2or0,

7 ifo=—-1orl,

4—0 ifo <=2,

r+o if o> 2, for somer € {4,6}.

When a = 1,b = ¢ = 0 (that is, w = z122), consider M’ = T4#S! x S3#S x §3

with fundamental group generated by a1, az, as, a4, b, c. Choose a map f': M’ — T©
which induces the map

q11,1(0) =

a1 = Y3, G2 > Y4, a3 > Y5, a4 Y6, b 1, € 6.

Then it is straightforward to see that f,([M’']) = x122N[T], that x(M') = —4, and
o(M") = 0. Nine surgeries are required to abelianize the fundamental group of M’;
each surgery increases x by 2. This yields (M, f) € M(Z°, xy25) with (M) = 14
and o(M) = 0. Hence ¢1,00(0) < |o| + 14. Combining this with the lower bound
yields

ql)o’Q(U) = |0’|—|—14. O

One consequence of the analysis we carried out for the group G' = Z9 is that the
behavior of ¢g(0) and ¢g,q(0) is different than when G = Z",n < 6 or when G
is a 2— or 3—manifold group, since in those cases qg(0) = k + |o| whereas gzs has
more than one local minimum; in fact gzs(s) < gzs(s+£1) for s = —2,0,2. We will
investigate this further in the next section.

Calculations and estimates of gz~ (o) for larger n are possible, but become
more difficult. In particular we have not succeeded in finding a normal form for
w € H"*(Z") for n > 6. However, using the calculations above, the manifolds
constructed in [I9], the Sy of Proposition [5.7], Theorem [5:2] and the 7-dimensional
isotropic subspace of Equation (5.3]), the following calculations are straightforward.
We omit the explanations.

(1) p(Z™) =2,0,0,2,0,6,4,2 for n =0,1,2,3,4,5,6,7 respectively.
(2) 0<p(Z™) <2-2n+C(n,2)+e€, = "72 — 2 4 2+ ¢, for all n,

2

)
(3) p(Z™) <4 -3 +C(n,2) =% — 2 4+ 4 for n even.

6. BOUNDS ON p(Z")

When we began our work in [I9] one of the first objectives was to answer a
question asked by Weinberger: is q(Z") asymptotic to n? or n?/2? More precisely,
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it followed quickly from [I1] that

n?—5n+4

5 < q(Z™) <n®—3n+2.

The main result of [19] is that ¢(Z"™) is always within 1 of the lower bound for
n > 6. Thus, lim, . q(Z")/n* = 3.

Here we would want to consider the similar question for p(Z™). Basic estimates
show that for n > 6,

2
ng(Z")gn gn+6.
The lower bound, first identified in [34] using covering space arguments, follows
from the fact that for a manifold M with m (M) =2 Z", 0(M) < f2(M) —2(n — 1),
since, by Theorem [5.2] H?(M) contains an isotropic subspace of dimension n — 1.
The upper bound comes about from the fact that the manifolds constructed in [19]
to realize the lower bounds of ¢(Z™) have signature 0.

The use of the manifold — S5 introduced in Proposition [5.7] lets us improve the
estimate for p(Z™) in the case of n even:

n?>—6n+8

0<p(z") <

Even with this improvement we see that the upper bound for p(Z™) remains
asymptotic to n?/2 in the sense that each inequality implies that as n goes to
infinity, the quotient of the upper bound and n? is 1/2. We do not know how
to identify the actual behavior of p(Z™) for large n, but can show that it is not
asymptotic to the upper bound.

Theorem 6.1. For an infinite set of n, p(Z™)/n* < 33.

The proof of this result is a delicate construction, efficiently building examples for
large n from connected sums of symmetric products of surfaces. The combinatorics
is surprisingly best described in terms of projective planes over finite fields, and we
begin with a detour into some of the structure of finite projective spaces.

6.1. Points and lines in finite projective space. Let F denote the finite field
with p elements, where p is a prime power. (Our best estimate of p(Z™) will come
from setting p = 7.) Let P* denote the k-dimensional projective space over F.

Lemma 6.2.
k+1_q
p—1

(2) The number of lines in P* is L = %.

P

(1) The number of points in P* isn =

Proof. (1) Recall that P* is the quotient of F¥*! — 0 by a free action of F — 0.
This gives the number of points in P*. Notice that if k£ = 1, the projective line P!
contains p 4+ 1 points.

(2) Denote the number of points in P* by n. Each pair of distinct points in P*
determines a unique line, and thus we get C(n, 2) lines. This count has repetitions,
with each line being counted once for each pair of distinct points in that line, and
each line has p + 1 points in it. Thus, the number of lines is C(n,2)/C(p + 1, 2).
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Expanding, this can be written as:

k+1_ 4 k+1_q

(P
(p+1)(p)
Algebraic simplification gives the desired result. (Il

6.2. Building examples. Fix a prime power p and integer k, let n be the number
of points in P* and let L be the number of lines in P*. Let X be a 4 -manifold
with m1(X) =2 ZPTY 3(X) = B2, x(X) = x, and 0(X) = 0.

For each line [ C P*, let X; denote a copy of X. We will index the generators of
m1(X;) with the points of [, in arbitrary order. Let ¥ be the connected sum of all
the Xl.

Now, perform surgeries on Y to identify certain pairs of generators: if a generator
of X;, and a generator of X;, are indexed with the same point of P, use a surgery
to identify these. Call the resulting manifold W.

Theorem 6.3. m (W) = Z", 53(W) = LB, and o(W) = Lo.

Proof. Clearly w1 (W) has n generators, and the first homology is Z". We claim
that 71 (W) is abelian. Given any two generators, they are indexed by two points
in P*. These two points determine a line [ in P*¥. Thus, the generators commute,
because they both have representatives on X;, which has an abelian fundamental
group.

Since signature adds under connected sum and surgery does not change the
signature, we have o(W) = Lo(X), as desired.

Since Y is a connected sum, (2(Y) = LB3(X). Each surgery is along a curve
that is of infinite order in homology, so the surgeries do not change the second Betti
number: B2(W) = Lfs. O

Our goal is to attain asymptotics for an upper bound for p(Z™). As our manifold
X we use X = —S,41 (see Proposition (1)) so that m1(X) = ZPT!, Br(X) =
(P +p+2)/2, 0(X) = (p—1)/2. Noting that p(Z") < x(W) —a(W) < Bo( W) —
(W), we compute
p*+3

2 )

Dividing by n? this upper bound simplifies to be % when terms that go to
zero as k increases are removed. An elementary calculus exercise applies to show
that the minimum of this function among primes occurs at either p =5 or p = 7,

Po(W) —a(W) = L(

and then a calculation shows the minimum occurs at p = 7, where the limit is %.
This completes the proof of Theorem [6.11 O

6.3. Local minima for ¢z~ (o). Let
C={(k—4{k+1) |k, nonnegative integers}.

Thus C consists of all integer lattice points in the (x,y)-plane whose coordinates
have the same parity and which satisfy y > |z|.
From Corollary B2l we know that G(G) is a union of cones of the type

Cap ={(a,0)} +C
since if (a,b) € G(G), so is (a,b) + (¢, d) for any (c,d) € C.
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Definition 6.4. A positive integer a is called a minimum point of qg if qg has a
local minimum at a, i.e. gg(a + 1) = gc(a — 1) = gg(a) + 1.

The minimum points determine the geography completely, and correspond to
irreducible manifolds when G is not a free product, as the following theorem shows.

Theorem 6.5. For any G, q¢ has finitely many minimum points. Moreover, G(Q)
is the union of the cones Cy 44(a) as a Tuns over the minimum points.

If a 4-manifold M € M(G) represents a minimum point a (in other words,
if (c(M),x(M)) = (a,qc(a))), and if M is homotopy equivalent to a connected
sum N#X for a 4-manifold N and a simply connected 4-manifold X, then X is
homeomorphic to the 4-sphere. In particular, if G is not a free product, then M is
irreducible as a topological 4-manifold.

Proof. The function gg (o) — o is integer valued and decreasing. As o — 0o, Theo-
rem B4 Part 6 implies that gz (o) — o is bounded below by p(G). Thus there are
finitely many a > 0 so that gg(a) —a < gg(a — 1) — (a — 1). Since any minimum
point a with a > 0 satisfies qg(a — 1) = gg(a) + 1, it follows that there are finitely
many minimum points ¢ with a > 0. A similar argument using ¢c (o) + o shows
that there are finitely many negative minimum points.

If (z,qc(z)) is in a Cy 44 (q) for some minimum point a, then so is (z,y) for any
y > qa(z),y =  mod 2; hence to prove the second assertion it suffices to show
that for each integer z, (z,qq(x)) lies in C, 4 (o) for some minimum point a. If x
is a minimum point, the conclusion is obvious. If ¢g(z + 1) < g¢(z), then since
gc is bounded below by ¢(G) and since qg(0 + 1) = gg(o) £ 1 for all o (Theorem
B4 Parts 4 and 7) there is an integer z greater than x so that ¢g has a local
minimum at z. If @ denotes the least integer greater than x so that gs has a local
minimum at a, then clearly (z,qq(x)) € Cqq5(a)- A similar argument applies if
qc(z —1) < qa().

Let M € M(G) satisty (o(M), x(M)) = (a,qc(a)) for some a. If M is homotopy
equivalent to N#X where X is simply connected, then x(N) = x(M) — (2(X) and
o(N)=oc(M)—o(X).

Let k£ = o(X). If K = 0, then o(N) = o(X), and so x(N) > x(M), since
X(M) = gg(a). Thus f2(X) = 0 and so X is a homotopy 4-sphere, and so by the
4-dimensional topological Poincaré conjecture ([6]), X is homeomorphic to S%.

If k > 0, then N#_1CP? has signature equal to o(M) — 1 and Euler char-
acteristic equal to x(M) — B2(X) + (k= 1) < x(M) — 1 = gg(a) — 1. Thus
gc(a — 1) < gg(a) — 1 and so @ is not a minimum point. A similar argument
using —CP? shows that if k < 0, then @ is not a minimum point. O

One can make the same definition of minimum points for ¢ o for any a € Hy(G).
The assertions of Theorem extend with the same proofs. Note that for go (but
not necessarily gg ) the minimum points are symmetric with respect to 0, as one
sees by reversing orientation. Clearly the main challenge of understanding the
geography problem for a group G is to identify all the minimum points (and find
the corresponding manifolds) of ¢¢ (and of gg o).

For example, for G any 2— or 3—manifold group, or Z™ when n < 6, a = 0 is the
only minimum point. For G = Z%, the minimum points are exactly —2,0, and 2.
For any Z™, 0 is a minimum point.

The construction of Theorem gives groups with at least 5 minimum points.
For example, taking G = Z*°, the example from [19] has ¢ = 0 and x = 11780.
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The manifold —S15¢ of Proposition[5.7has o = 77 and x = 11781. The construction
of Theorem taking p = 5 and k = 3 yields a manifold with fundamental group
Z'%6 5 = 1612 and y = 12586. It follows that gziss has at least two positive
minimum points (e = 77 is a minimum point, and there is at least one minimum
point a satisfying 79 < a < 2408), and from symmetry that gziss has at least five
minimum points.

A variation of the argument of Theorem [6.3] shows how to construct examples
with many minimum points. We show next that ggzsr has at least 13 minimum
points. We leave to the reader the exercise of showing that for any N there exists
an n so that gz» has at least NV minimum points.

In [19] a manifold Cg with fundamental group Z®, second Betti number (35 = 28,
and signature ¢ = 0 is constructed. Take p = 7 and k¥ = 2 in Theorem [6.3] so
that n = 57 and L = 57. For each s = 0,1,2,...,57, construct the manifold W
similarly to the construction of W but starting with the connected sum of s copies
of —Sg and 57 — s copies of Cy and surgering to identify generators indexed by the
same point in P3. Then w1 (W) = Z%7, Bo(Wy) = 529 + (57 — 5)28 = 1,568 + s,
and o(Ws) = 3s. Hence x(Wy) = 1,484 + s.

A detailed calculation shows that the presence of the points (3s,1484 + s), s =
0,1,...,57, in the geography implies that there are at least 6 positive minimum
points for the function gzs7(c). By symmetry, there are at least 13 minimum
points in total.

7. PROBLEMS

(1) Are there groups for which the geography G(G) depends on the choice
of the category of spaces: smooth 4-manifolds, topological 4-manifolds,
and 4—dimensional Poincaré duality spaces? We ask a similar question for
G(G,a),a € Hy(G). As a specific example, we have that for G = Z8,
X > 14, and if x = 14, then the intersection form on Ho(M) = Z% is
even with ¢ < 14. Since even intersection forms have signature congruent
to 0 mod 8, the only possibilities are ¢ = 0,£8. By Rochlin’s theorem
the case 0 = 48 cannot occur in the smooth category. We do not know if
(14, +8) € G(Z®) in the topological category.

(2) Develop techniques specific to the smooth category to analyze G(G). For-
mulate the 4-dimensional topological surgery theory needed to relate the
problems of computing G(G) in the categories of topological 4-manifolds
and 4-dimensional Poincaré complexes.

(3) For nontrivial classes a € H4(G), find relationships between G(G, o) and
G(G, ko), k > 1. For instance, if M € M(G,a) has a connected k—fold
covering space, then one can construct an M’ € M(G, ka) in a fairly natural
way, and often this is more efficient than starting with the connected sum
of k copies of M. For G = Z"™ this yields the best examples we know.

(4) It seems unlikely that G(G, «) is always symmetric with respect to reflec-
tion through the y-axis when « is nontrivial. Find a counterexample. Is
G(Z8, (x1m9 + w324 + 2576) N [T]) symmetric?

(5) Find relations between properties of a group G and the geography of G.
As an example, according to [23], the methods of L?~homology show that
if G is amenable, ¢(G) > 0 and p(G) > 0.
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(6)

(7)

(10)
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Find a finitely presented group G which is not the fundamental group of
any Poincaré 3—complex (finite or infinite), G is not the free product with
a free group, Hy(G) =0, and ¢qg(o) =2 + |o|.

How is the geography of a free product, G(G; * G2), related to G(G1) and
G(G3)? (See [20] for an early discussion of this question.) Using connected
sums one has ¢(G1xG2) < q(G1)+¢(G2)—2. Note, however, that according
to [22] the inequality can be strict: if py and p; are distinct primes, then
q(Z/p; x Z/p;) = 4 as follows from Propositions [£1] and On the
other hand, q((Z/po x Z/po) * (Z/p1 x Z/p1)) = 4, since (Z/po x Z/po) *
(Z/p1 x Z/p1) has a presentation with 4 generators but only 5 relations
instead of the expected 6 (see the original source, [15], or [22]).

For free abelian groups similar examples are not known, but seem pos-
sible. For instance, we have ¢(Z®) = 6 (see Section [ but do not know
whether ¢(Z% * Z%) = 9 or 10. The predicted value using additivity would
be 10.

A class w € H"4(Z"™) determines an even symmetric bilinear form

¢: H*(Z") x H*(Z") — Z

by zyw = ¢(x,y)[T], where [T] is a chosen generator of H™(Z™). What uni-
modular forms can arise in this way? The first unresolved case, mentioned
in the first problem, is for n = 8, where H?(Z®) = Z*® and we do not know
whether the form 10H ¢ Es can occur.

Suppose w € H" *(Z") determines a unimodular form ¢. Does there exist
a smooth or topological 4-manifold with intersection form ¢? Does there
exist a 4-dimensional Poincaré complex with intersection form ¢?
Determine the asymptotic behavior of the geography of Z™ in terms of n.
For instance, the main result of [19] is that ¢(Z"™) is roughly asymptotic
to n?/2. Tt follows that p(Z™) is also bounded above (asymptotically) by
n?/2, but according to Theorem [B.1] this is not the best possible: there are
arbitrarily large n for which p(Z") < 13n% Is it possible that p(Z")/n?
goes to 0 for large n?

Determine G(Z", o) for some n and nonprimitive class a € Hy(Z™). The
first case is G(Z*,2[T)), where [T] is a generator of H,(Z*) = Z.

For a given N find a group G and a € Hy(G) so that g¢ o has at least N
minimum points. We do not know an example for N = 2.
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